Cross-Return, Showrooming, and Online-Offline Competition

Online Appendix

A. Consumer Segmentations
We first derive their shopping choices by comparing U, U, , and U,. We find that U, >U; when
h, < l;})ES =2/—-¢ . For no-cross-return case, we further derive i;évES =2/—h, . We consider that /[ >h /2,
such that showrooming will not dominate e-Direct. For cross-return case, we get flgES =/.Wefind U; >U,
when A, < ﬁgSF = pr — P, for both cross- and no-cross-return cases.

Then we separate our analysis into two cases: (i) 4 < A\ and (ii) &), > hig, . For the case with
s <hg.,weget p, < pl,=p,—2l+¢,whichindicates pY, = p, —2/+h and pS, = p, —I. Then, we
find that (i) U, > max{U,U,} for 0<h, <l , and (i) Ug > max{U,,U, } for A <h, <hig. . If we
further have l;ésp <1, ie, p, =Py, =pr—1, we will have U, >max{Ug,U,} for }%SF <h,<1. To
summarize, when p, < p, < p.,, the consumers with 0 <, < i’ will choose e-Direct, the consumers
with /. <h, <k will choose showrooming, and the consumers with /., <k, <1 will choose buy-

offline. If /'

oo > 1, 1.6, p, < Pbs, none of the consumers will choose buy-offline. The consumers with

0<h, < hAéES will choose e-Direct, and the consumers with ﬁéES < h, <1 will choose showrooming. We
assume that /< (1+4_)/2 in order to have p), < pJ,, otherwise buy-offline and showrooming would not
co-exist at any given p, for no-cross-return case.

For the case with A, >A,, , which indicates p, > p., , there does not exist a region for

Ug 2 max{U U F} as it requires %, <h, < h,. . Hence, there is no showrooming consumer in this case.

Instead, we find that U, >U, when h,<hy, =(p,—p,+2—¢)/2 , which indicates

ﬁggpz(pp—p0+21—hr)/2 and };OCEpz(pF—p0+l)/2 . To make sure i;gEF>O , we need
Do < Doy =pr +20—¢ , more specifically, p) =p,+2[—h and p5 =p,+[ . It’s trivial to show
Doy > Po, - We can further verify that p), > p,, based on the assumption h /2<I<(1+h)/2. In

addition, we find that 0 </, <1 when p., < p, < p. . Hence, when p!, < p, < pi,, the consumers with



0<h, < };(’)EF will choose e-Direct, and the consumers with i;})EF < h, <1 will choose buy-offline. When

Py > Py, we have A <0. In such a case, the consumers with 0< /, <1 will choose buy-offline.



B. Best-Responses and Profits
We first set up the consumer demand a , based on consumer segmentation from Lemma 1. For simplicity,

we introduce the following notation: we use case A to denote Seg F (segment F) from Lemma 1, case B for

Seg E-F, case C for Seg E-S-F, and case D for Seg E-S.
e Case A: When p, > py,, ap, =0, a;, =0, a,, =1/2;
e Case B: When p,, < p, < Pby» Qs :ﬁém 12, a5, =0, ay, =(1—I;(")EF)/2;

A

o Case C: When Pl < po < Py ye =g /2, e =( by = I )12, @ = (1= Rbsp )12
e CaseD: When p, < ply, aby =h'ps /2, b, =(1—;2;')ES)/2, a,, =0.
Now let’s derive offline retailer’s best response functions under each case.

e Case A: When p,>p5, , we get p.<p,—! , the total profit function is

. .. ... d 1
Ty =(pp)-apy +(f—s;)-ag, = p, /2. We derive positive derivative %:5 , so the best
7493

response price for physical retailer is p;. = pys = p, — I . Thus, the total profit for offline retailer in

. . -1/
this case is 7, = p02 ;

e (Case B: When pS,<p,<ps » we get p,—I<p.<p,+I , the total profit function is

1 [ pr D [ pr D
Ty = aS +(f—-s5,)a, = — L0 N (f—s, )| =+ —£92 | We solve the
FB (pF) FB (f F) 8 = Pr 2 4 a4 4 (f F) 4 4 4
. drp, s o
derivative d——O and get Pr=Prs=(pPo+ /s —1+2)/2 and
Pr
1 1 1 1 1 1 1 1 1 1 1 1 1
Trg=——l+—po+—+—f == fs,+—s5r ——pl+—po+—U +=Ilf +—f ——pof ——Is
FB 4 4po 4 16f 8fF 16°F 8po 16[’0 16 8f 4f 8pof gF
1 1
_ZSF+§pOSF‘

Then we evaluate at the upper limit of p, , p,+[-pr, :3—l+p—0—1—i+s7’7. To make

2 2 2

Po+1—Dry 20, we get p, < pS,=f—s.—31+2. Then we evaluate at the lower limit of p, ,

. ) ~C .
Des—Po +I=1+E—%+§—S?F. To make p&, —p, +1>0,we get p, < pS,=f—s, +1+2.
Note here, p5,—ps; =41 is positive. When p,<ps, , solve the Lagrangian



l
ks = Pr (____&"'p_OJ"'(f_SF)(Z"'pT:_pT?j"')«(l"'po —pF) , we get the boundary

. . _oa . 1,1 1 1 1 1 .
solution p; ng3 =po+land 7}y :El 512 +Epo _Epol"'zlf_ElSF . When p, > Pgm >
solve the Lagrangian 7,,,,; = p 1 L P Po +(f=s7) L +A(pr = po +1),

2 4 4 4 4 4 4
. * AC % pO —l
we get the boundary solution p, = p.s = p, —/and 7, == ;

e Case C: When p.<p,<ps,, we get p,+I<p,<p,+1, the total profit function is

—s.)I d’
e = D l—p—F+p—O +u. We derive negative second order derivative EZF €=-1,
2 2 2 2 dp;:
~AC dﬂ-FC . . .
so we get p.=pp, =( Po +1)/ 2 such that p =0 . The total profit in this case is
Pr
. 11 1, 1 1 . . .
Tre :§+Z Do +§ o +Elf _EISF . To reach this optimal price and profit, we need to have

Po +1< Py, <p,+1. For the upper limit, p,+1-py, =(p0 +1)/2>0 when p, > po,, =-1.
For the lower limit pp, —p, —Zzé—p—zo—l>0 when p, < pS, =1-21 . Notice that

Pon = Pon =2(1=1)>0, so we have p5,, < p, < Py, . Next, we derive the boundary solution

when Po < Pony . We solve the Lagrangian
TTre = DPr (% - pTF + pTOJ + (f_—;F)l + /”t(l +Ppo — pF) , and get the boundary solution
pr=pr=po+1 and 7). =(f_—2sF)l . Then when p, > pS,, we solve the Lagrangian
TTyore = Dr (% —% + p—zoj +(f_+)l + ﬂ(pF — Do — l) , and get the boundary solution
Pr =P =po +1 and 7, =%1—%l2 +%p0 —%pOH%lf—%lSn

e Case D: When p, < py,, we get p, > p, +1, the total profit function is 7., =(p;)-ap, =0.

Hence, we have no best response function for this case.
Next, we summarize the offline retailer’s overall best response function by consolidating their best

response from above.

e CaseA: p; =pys=p,—1 and the corresponding total profitis 7}, ;



e (Case B: When p, < p5,, the boundary solution is p} = pt, = p, +/ and the corresponding total
profitis 7z, .,
When pg,; < p, < Doy » the interior solution is p; = pr, =(p,+f —s-—1+2)/2 and the
corresponding total profit is 7, .
When p, > pS,,» the boundary solution is p}. = pt, = p, —! and the corresponding total profit is
Toars s

e Case C: When p, < pS,,, the boundary solution is p}. = py, = p, +1 and the corresponding total
profitis 7z; ...
When pg,, < p, < Pgr, » the interior solution is p}. = pr, =(p, +1)/2 and the corresponding total
profitis 7.

When p, > ps,, » the boundary solution is pj. = py, = p, +! and the corresponding total profit is

5

”LZFC ‘

From the summary, we find 7, =7,,,,, so 7, is dominated. We also notice that 7}, =7, -
Hence, we compare the two boundaries pg,; and pg,, , and we get pg, — po, =—1+1+ f —s, . We derive
Pois > Po, when f >, +1—1. Therefore, we have:

e CaseFlI: f>f’F1 =s,.+[-1

When p, < ps,,» Pr = Dy and the total profitis 7;, ..
When 5, < p, < PSia» Pr = Ps, and the total profit is 7j,..
When 5, < p, < PS5 Pr = Pry and the total profit is 7}, .
When p ., < p, < Pows Pr = Py, and the total profitis 7, .
When p, > pS..» Pr = Dss and the total profit is 7;,,,;
When f<s,+I-1, ie, p5;<ps, » we need to compare =, and 7x,. . Hence, we get

. . 1 1 , 33 11 ., 1 1, 1 1, 1.1 1 1
e —Rpg=——F—po+=lf —=lsp+=1——f"+—fs, ——sp +=—p, ] —1I"—— f +— +—S8, == PoSp-
AT sf 8 7 4 16f 8fF 167 8P g 4f 8p0f 4°r g hotr

d’ (”;c - ”;B)
dp;

D * * (_Z+1+f—s 2
Po =pc§129 and we get Tpe =g =— 7 F)

5

. . o 1
We derive positive second order derivative =— . Then we evaluate 7,.—7,, when

<0. We evaluate 7. — 7y, when p, = p ., and




2
* * (_l + 1 + f - SF ) . * *
we get T, —T., = >0 . After solving n,..-—7x,,=0
g FC FB ] g Trc £

Doy =—N2f 20425, =2 = f—l1+s, and p,, =~2f —N20-~2s, 2 — f —I+s, . Then to

, we get two roots

compare p,, and p,,, we take the difference p,, — p,, =—2\/§(—l+1+f—sF). When f=s,+/-1,

d(pOA - pOB)

T =-22<0 and f<s.+l-1, we have p,, —p,; >0 .

we have p,, —p,; =0 . Since
Therefore, the smaller root p,, is inside the range and we get pg,, = V2121 —x/EsF +\2—f -1+ Sp .

. ap;, . . . A .
Since %:\E -1>0, p,, decreaseas f decreases. Next, we will compare pg,, with pS,, and pg,, .

dlA’Su -0 and df?gM —1. Given df’gm > dﬁgzz > df?g”

adf

pS., and pS,, . Second, let pC,, = pS,,,so wehave f, =3[+s, —3+2321—242 . Let pS,, = pS,,, so we

First, we get

AC . .
, Po», have a chance to intersect with

have  f, =_sz =5, ~(3+24/2)[-1 . Then, we compare fi, and  f, , we get
fia— 1 :2(3+2\/§)(—l—1+\/§). Note that f,, — f,, >0 when O<l<%. Hence, when f decreases,

Doy Will teach pS,. = pg,, first. Therefore, to summarize, we have:
e Case F2: f’m <f<fF1
When p, < psy = Poiys Pr = Py, and the total profit is 7; ...
When pS,, < P < Doss» Pr = Ps, and the total profit is 7},..
When pg,, < Py < Pons» Pr = Drg and the total profit is 7, .
When p, > psrs» Pr = Py and the total profitis 7;,,, ;

When f<f., , we have pS,, > psy » so we need to compare 7. and 7, . We derive

2 * *
. . 1 1 1 1 1 .. d (”Fc _”LzFB) 1.
T e =) g =§—Zp0 +§pé +Elf —EISF +El and the second order derivative e =2 1s

. . . . . . 1 1 1 1
positive. We first evaluate 7. —7},,, When p, = pg,,,and get 7y, — ), ps :5+Elf——lsF +El. Then

d(”;c - ”ZzFB) l

we et — 2 =—>0 . When = f , we have
g 7 5 I =1r
Rre = Tyypmp = (232 +3)( = 1+32)(I = 1+42) >0, assuming 0<l<% . Let 7h. — 7,0, =0, we have

2



. 1 . . 11 1 1
f=/fr=5.—1——. Hence when f,, < f < f.,, we have 5+§lf—zlsF +51>0. Then we evaluate

d(zy. -7, 1 d(7my. — 7, 1
M =Po _ " \hen Po = Doy » and get M =——<0. Next, we derive the upper
dp, 4 4 dp, 2

boundary of p, by solving 7. —7;,,, =0 . We get two roots p,, =1+2-I(f—s,+1) and

Pos =1—24=1(f —s +1) . Then we compare p,, and p,,, and get p,, — poy =4J—I(f —s, +1)>0.
So we pick up the smaller root and have gy, = Poy =1-2y/(=/f +s, ~1)I . To evaluate pg;, , we first have

AC d" C R ~
Doz _ ! >0 and 21— 0 Then we solve pS,=pS andget f=f.,=s —1—l . Hence,
d 032 o g F3 =Sk ]

df  J-If +Is, -1

we have pS,, < P, . To summarize the case, we have:

e Case F3: f‘m <f<fF2
When p, < poy = Dow» Pr = Py, and the total profitis 7). .
When pSs, < po < Pow» Pr = Ps, and the total profit is 7},..
When p, > pSs s Pr = Prs and the total profitis 7),,, ;

When  f<f,,, we have pS, > pSs, » so we need to compare 7;,,. and 7, . We derive

* * - l l . * * ~C
e — Tiaps =%—%+— and after solving 7}, — 77}, =0, we have p, = p5, =(f —s, +DI.

To summarize, we have:
e Case F4: fﬁfm
When p, < pS.,» pr = Ps, and the total profit is 7}, ..
When p, > pS..» pr = Pss and the total profit is 7;, .
Now let’s derive e-retailer’s best response functions p,, to the offline retailer’s choice of offline price
under each case.
e Case A: When p,>p5, , we get p,>p.+l , the total profit function is

C C C . . . .
s = Po -(aEA +ag, ) — f-a;, =0 . Hence, there is no best response function in this case.

e Case B: When pS,<p,<ps » we get p,—I<p,<p,.+I[ , the total profit function is

Tos = Po -(agB +aSCB)_f'a§B = Po (%+‘%—%]—f{£+%—%j and we derive the second



2
T 1 d
— =——<0. Then we solve "os

dp, 2 dp,,

(_l_pF +f)2
16

order derivative =0 and get p, =p5, = ( pr+f+1 ) /2

and 7,, = . Note that we have the condition p, —-/<p,<p.+[/, so we first

evaluate the lower boundary po—(pF—l) . When poz(pF+f+l)/2 , we get

3 d(3zl_sz+j2() 1
po—( pr—! )=——p—F+i . We derive negative derivative —— and get
2 2 2 dp, 2
_3 3 pe S _
pr =31+ f when 5 7+E_ 0. Hence, we need to have p, <3/+ f . Then we evaluate the
bound - _ L ope S
upper boundary p, +/—p,. When p, —(pF +f+l)/2, we get p. +1—p, —5+7 5 We
d(iﬂg_gj 1 !
derive positive derivative =— and get p, = p,,, =f —[ when —+p—F—i: 0
dpy. 2 2 2 2

Hence, we need to have p,>f—[ . Then, we check the compatibility and have

(31+ f)=(f-1)=41>0. So, we need to satisfy the condition f —/< p, <3/+ f in this case.

When pr<f-I , solve the Lagrangian
/ [ .
7,08 = Po (Z+%—%J—f(z+%—%j+ﬂ(pp - Do +Z) , we get the boundary solution

Po=Po=pp+1 and 7;,,, =0. When p, >3+ f, we get the boundary solution p;, = p, —/
l(l—pF +f)

.
and 77;,,, =————7.

2

Case C: When pS,<p,<ps,, we get p.—1<p,<p.—1, the total profit function is

c :pO(pF_pO)_Z

Toe = Do -(agc +a§c)— fag. 5 and we derive the second order derivative

d’ ) o
£ %oc _ _1<0. Then we solve 2% =0 and get py, = Py, =p—2F and 7. :%—%. Note that

dp;, dp,

we have the condition p, —1< p, < p, =1, so we first evaluate the lower boundary p, — ( Pr— 1) .

d(l _szj 1
. We derive negative derivative ——— =——
dp, 2

When p, =%, we get p, —(pr —1)=1—&



and get p, = p,,, =2 when l—p—2F= 0. Hence, we need to have p, <2. Then we evaluate the

upper boundary p,. —/—p,. When p, =%, we get p. —1—p, =fr

‘Z(L"j

dpy

—1. We derive positive

derivative :E and get p, =2/ when p—zF—l =0. Hence, we need to have p, >2[.

Then, we check the compatibility and have 2 —2/ >0 based on our assumption that 0 </ < % . So,

we need to satisfy the condition 2/ < p, <2 in this case. When p, <2/, solve the Lagrangian

po(pF _po) lf

o0 =f—5+l(pp —po—1), we get the boundary solution p,=p,—I and
Tro0c = —I(ZLZFJFf) . When Pr>2 , solve the Lagrangian
T hoc =po(p+_po)—%+/1(l+po - pr ), we get the boundary solution p;, = p5, = p, —1 and
T ne = lan—F—Z.

LZOC__2 2 2

Case D: When p,<pS, , we get p,<p.—1 , the total profit function is

/ . . o 1
Tep = Po -(agD + aSCD)— feaS, =£o T We derive positive derivative 2 = — _ Hence, we
2 2 dp, 2
get the boundary solution p, = p, —1 and z;,,, = 1 +Pr r

L10D 2 2 2 *

Next, we summarize the e-retailer’s overall best response function by consolidating their best response from

above. First, we notice that 7,,,. = 7;,,,, S0 case D is dominated. Therefore, we have the following:

Case B: When p,. < f —[, the boundary solution is p), = p5, = p, +[ and the corresponding total
profitis 7,y -

When f—I<p,<3l+f , the interior solution is pj,=py, =(p,+/+1)/2 and the
corresponding total profit is 7, .

When p, >3l+ f, the boundary solution is p, = p, —I and the corresponding total profit is
Zra08>

Case C+D: When p, <2/, the boundary solution is p;, = p, —/ and the corresponding total profit



is 7} 00

When 2/ < p,. <2, the interior solution is p}, = pg, = p, /2 and the corresponding total profit is
Toc -

When p, >2, the boundary solution is p;, = py, = p —land the corresponding total profit is
Tir0c -

First, we notice that 7,,,, =7},,- . Then we compare the two boundaries 3/+ f* and 2/, and we have
3+ f-2l=1+f>0 given f>0. So, we get 2/ <3/+ f'. Then we need to discuss the position of the

other two boundaries f —/ and 2. Since f —/<3/+ f, there are two possible positions for f -/, i.e.,

f—1<2I<3l+ f and 2/ < f—1<3l+ f . Therefore, we look at the two cases separately.

1. Case 1: When f—[<2/,ie. f<3l, we have 3/+ f <6l . Since 0<f<%,we get 3/+ f<2.

Then we compare o with Toc , and we get
T — T —if2 +§lf—l f+Ll2 +ll _ L We derive the second order derivative
o8~ Toc =7 ¢ 3 8pF 16 8pF 16PF-
d’ (=, -, 1 2
M:——<O . Then when p, =21 , we get HZB—H:)CZ(I+f) >0 . When
dp;. 16
. _ 1+ fy :
pr=3l+f , we get m,,-7, = s <0 . Therefore, we derive two roots

Drs =2f+21- f+1I and Drs =—J2f-21- f+1 by solving Tos — o =0 and we keep
the larger root. We have p,, — p., =2\/§(l+f) >0, 50 we keep Py, = pry =N2(f+D)— f +1.

To sum up, we have:
e Case B+C+D: 0< f <3/
When p,. < f 1, the boundary solution is p;, = p5, = p, +1 and the corresponding total profit is

5

ﬂ-L]OB ‘

When [ =< p, < Py, , the interior solution is p;, = py, =(p, + f +1)/2 and the corresponding
total profit is 7z,, .

When p,,, < p, <2, the interior solution is p; = pg, = p, /2 and the corresponding total profit
is 7, .

When p, >2, the boundary solution is p;, = pg, = p, —1and the corresponding total profit is

10
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2. Case 2: When f—[>2] and 2< f -/, we have f >3] and f >/+2. Since 0<f<%,we get

[+2>3l. Hence, we only need to keep f >/+2. Then we compare 7,,,, with z;,,. when

pr<2l, and we get 7, .. — 7,108 DT We derive a positive first order derivative
d(7;0c — 7, ! 11—
( Lm;p LIOB) =E>O . When p,=2] , we have 7,,,.—7 08 =% . Since
F
(1-1)
2 I(I1-f) .
T=—1<O and f>[+2,wehave 5 <0.Hence, we keep 7,,,, when p, <2[.
C .. Pl
Then we need to compare 7, with 7;,,, when 2/ < p,. <2.So, we have 7,. — 7, =% 5
d*(m). — 7,
and get positive second order derivative ( x LIOB) =l>0. When p,. =2/, we have

dp;

. . . 1-/ .
<0 given f >/+2. When p,. =2, we have 7, — 7, sz. Since

— _2_
:—5<0 amdf>l+2,s0we:have1zlf<1 F-al

. Recall that O<Z<%, SO we

— 2 —_— ~
have # >0 . Hence, we have the boundary of " as f,, = %

a. Consider /+2< f <%, then we have 1_211[ >0 and 7, > 7;,,; when p, =2. We have
2
* * l A
oc ~ 708 :%-%:0 when p, = pp,, :2\/?-
* . * * 5 _1 + pF _lf
Then we compare 7,,,. with 7z;,,, and have 7,,,. —7;,,s T We take the
d(_1+ZF —lfj
derivative and have 7 =—>0 . Then when p,=2 , we have
D
_ -1 -
TTrr0c — Trios =% >0 . Hence, we get ++lf >0 and thus 7,,,. > 7} ,0p -

* 3 *
We also need to compare 7, with 7, . So, we have

11



1 1 3 1 1 1 1 1
Ty ooe —Tog =——+—pp ——lf ——f>+— ——1>——Ip, —— p>. We first derive the
r20c ~ %os 5 2pF Sf 16f Spr 16 SPF 16pF
d* (7} ,pr — 7,
second order derivative ( L20C2 OB) =—l<0 . When p.=f-/, we have
dp;. 8
. . 1 1, 1 1 o
Tiooe —Top =——=——=l+=—f—=If . We take the derivative and get
2 2 2 2
i),
=———>0 . When f=l+2 , we have
df 2 2
1 1, 1 1 1 7 1
————l+—f—=lf=———=1>0 iven O<l<— . Hence, e et
2 2 2f 2f 2 2 s 3 v 8
—l—ll+lf—llf>0 When =3I+ f we have
2 2 2 2 . pF . >
1200 — Tog =—(_1+l)(221+f D We take the derivative and  get

d(_(—1+1)(21+f—1)j
1 1
>0

2 =——— . When f=1+2 we have
df 2 2

_(=1+D@I+f-1) 20 In
2

_(=1+D@I+ -1 z_(—1+Z;(31+1) ~0. Hence, we have

2

summary, we have 7;,,. —7,; >0.

. (C1+D(I-pp+1)

Then we compare 7,,,. with 7,,,, and have 7,,,. — 7}, = 5 . We
d(7),p0 — 7, 1—
derive the derivative and get ( LZO; LZOB) = 2l >0. When p, =3/+ f, we have
D
Trroc = Fiaos = — L+ l)(221 Al i) Notice  that ~we  have  proven

_(H1+D@I+ -1

>0 from above. So, we get 7,,,- — 7,,05 > 0. To sum up, we have:

Case B+C+D: l+2<f<%

When p, < p,,,, the boundary solution is p,, = ps, = p, +/ and the corresponding total
profitis ;..

When p,.,, < p, <2, the interior solution is p;, = p5, = p, /2 and the corresponding total

12



profitis 7. .
When p, >2, the boundary solution is p;, = py, = p, —1 and the corresponding total

profitis 7,,,c .

. 1 * * * .
b. Consider f >;, we have 7,,,, >7,. when 2/ < p, <2. Then we compare 7,,,, with

* * 1 p. If

ZT,,0c and have ﬂLlOB_ﬂLZOC:E_7+? . When p,=2 , we have
. . 1 If
TrioB ~ Traoc = _E"'? >0 . When pr=f-1 R we have
. . 1 1, 1 1 o
Thop —Trooc =—=+=l—-=f+=If . We take the derivative and get
2 2 2 2

(Cae e the U NI |

=——+—=<0 . When f=- , we have

df 2 2 /

2
1 ll—lerllfzﬂ<O given 0<I<l . Hence, we have
2 2 2 2 21 3

1 1, 1 1 . ) .
5 + El _Ef + Elf < 0. Therefore, we need to find the cutoff by solving 7;,,, —7,,, =0

and we have p, = p,,, = f1+1. To sum up, we have:
e (Case B+C+D: f >%

When p, < p,.,, the boundary solution is p;, = p5, = p, +[ and the corresponding total
profitis ;..
When p, > Py, , the boundary solution is p}, = pS, = p, —1 and the corresponding total
profitis 7, -

Case 3: When f—/>2/ and 2> f -/, we have 3/< f'<[+2. Then we compare 7;,,, with

Troc » and we get 7;,., =7, 0c = -5 We derive the derivative and have
d(7Z}08 = Thioc -1
( no LIOC) :—£<O . When p, =21, we get 7,0, — 7, 100 :@. When f =3[, we
dp, 2
fu h h Z(f_l) _ 72 * * *
rther have 5 =[">0. Hence, we have 7;,,, —7,,,c >0. We also need to compare 7;,,,
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. * * pF
with 7,. , so we have 7,7,

d* (772103 _”;)C) 1

dp;

that

I(f-1
(f2 )>O.When Dy

8

second order derivative

If

* =_Lfr 7
8
=—Z<0.When pr =21, we get 1}, —

=f—1, we get 7,5 —

1 3.1
) ol ey oy £
( f 4f g

. We derive the second order derivative

df?
1

2,3 1,
Ry
8f 4f

. 1 . .
given 0</ <§. Therefore, we need to find the cutoff by solving 7;,,,

=/>>0 and when f=[+2, we get —%f2+%lf—%

I(f-1
Toe = (f—) We know from above
2
. 1 ., 3 1, .
TToe =—§f +Zlf_§l . We get negative
]——i<0 When [f=3] , we get

poi+lp_Log
2 2

-7, =0 and we have

f,=06+ 22 ) and f, =(3— 22 )I . We keep the larger root and we have the boundary of f* as

Jor=B+242)1.

a. Consider 3/< f <(3+2+2)/ , then we have —% f2+%lf—

2 * *
—1">0 and 7,5 > 7o -

Then we compare Top with Tpe and have
. . 1 1 1, .
Top — Toc :Ef f pr+_6 glpF _EPF . We derive the second order
d’(z, —r,
derivative (OB—ZOC) = L <0 When pr=f-1 , we get
dp; 8
Top —Tpe = 3 —f+ lf I Notice that we have proven 3 1 +Zlf ——1">0 from
above. Hence, we have 7z,,—-7,.>0 when p,=f-1. When p,.=2, we get

T — e = 116 7+ lf - f —12 —l—% . We derive the positive second order
ol
derivative > =—>0. When f =3/, we further get
df 8
1 2 2 1 1 7 2 1 . 1 . .
— l —-— —Z —]-—=—]"—-—]—-—<0 given 0</<— . Similarly, when
16f 4 f 4 4 4 2 4 8 3 Y
=G+ 2\/5)1 , it can be simplified as — (2\5+3)(_1 _12\5)(3] i \/5) < 0. Hence,

14



we have 7z, —7,. <0 when p, =2.Weneed to find the cutoff by solving 7,, — 7, =0
and we have p,, =V2f+\2I—f+1I and Drg =—2f =2l - f +1. We keep the larger
root and we have the boundary of p,. as p,, = \/E(f +0)—f+1.
o Case B+CHD: 3/ < £ <(3+22)!
When p, < p,,,, the boundary solution is p;, = pg, = p, +[ and the corresponding total
profitis ;..
When p,,, < p, <P, » the interior solution is p;, = py, =(p,+ f+1)/2 and the
corresponding total profit is 7, .
When p,,, < p, < Py, the interior solution is p;, = pg, = p, /2 and the corresponding
total profit is 7. .
When p, > p,;, the boundary solution is p;, = p5, = p, —1and the corresponding total
profitis 7, -
b. Consider (3+2v2)/ < f <I+2, we know that 7}, — 7, <0 when p, = f —[ . Solving
7108 — Toc =0 and we pick the larger root we get the cutoff of p,, as p,,, = 2\/? . We
have calculated a similar case in case 2. So, we can get the following:
o Case B+C+D: 3+2\2)I< f<i+2
When p,. < p,,,, the boundary solution is p;, = p5, = p, +/ and the corresponding total
profitis 7, -
When p,,, < p, <2, the interior solutionis p;, = pg, = p, /2 and the corresponding total
profitis 7. .
When p, >2, the boundary solution is p; = p, = p, —1 and the corresponding total

profitis 7,,,. -

Based on all 3 cases, we summarize the results as shown in main paper.
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C. Equilibriums
Based on the results of Lemma 2, we reorganize the best response function of offline retailer and get the

following:

e Case F1 (E-S): The boundary solution is p;. = py, = p, +1 and the total profit is 7}, ..
1. When fﬁfm and p, < pS.;
2. When f > f,, and p, < pS,, .
o Case F2 (E-S-F): The interior solution is p; = py, =(p, +1)/2 and the total profit is 7z},
1. When fm <foF2 and Py, < P < Doso's
2. When j}n <fSJ}F1 and DS, < Py < Doy
3. When f > f,, and pS, < py < PS5,
e (Case F3 (E-F: Deter): The boundary solution is p}. = ps, = p, +/ and the total profit is 7;,
1. When f>j}F1 and pS, < po < Pois-
e Case F4 (E-F): The interior solution is p; = pr, =(p, + f —s; —{+2)/2 and the total profit is
Trp
1. When fm <ij}F1 and p5,, < Py < Porss
2. When f> f,, and pS;5 < py < P,
e Case F5 (F): The boundary solution is p; = pr, = p, —/ and the total profit is 7},
1. When fsj”m and p, > pS.;
2. When f.,<f<f,and p,>poy,:

3. When f > f,, and p, > pS,,.
Similarly, we reorganize the best response function of e-retailer and get the following:

e (Case Ol (F): The boundary solution is p;, = pS, = p, +1 and the total profit is 7},
1. When f<f‘01 and p, < ppys
2. When f,, < f < f,, and p, < ppy;
3. When fzj‘oz and p, < pp,.

e Case O2 (E-F): The interior solution is p;, = p5, =(p, + f +1)/2 and the total profit is 7,

. When f'< fo, and py < pp < ppy -
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e Case O3 (E-S-F): The interior solution is p;, = pS, = p, /2 and the total profit is 7.
1. When f< fo and ppi, < py < ppis
2. When fm Sf<f02 and P, S pr < Ppy -
e Case 04 (E-S): The boundary solution is p;, = p5, = p, —1 and the total profit is 7,
1. When f<f02 and p, > Puoy;
2. When >/, and p, > p,y.
Then we derive the possible equilibriums:
e CaseF1 (E-S) + O1 (F):
There is no feasible for p, = p, +1 and p, = p, +1. Hence, no equilibrium under this case.
e Case F1 (E-S) + O2 (E-F):
Solve p. =p,+1 and p, =(pF +f+l)/2,whichgives pe=2+0+f and p, =1+[+ f.
Case Fl-1: f < f., and p, < pS,, .
Compare py, and pS,, ,
Pon— Do =f1-Is; = f -1
Take the derivative we have,
d(pon - 55)
df

=[-1<0.

When f =0,
13841 _ﬁg =—ls, —1<0.
Hence F1-1 is not feasible.
Case F1-2: f> f., and p, < pS,, .
Compare pg and pg,,
13331 _ﬁg =-2-1-f<0.
Hence F1-2 is not feasible.
There is no equilibrium for this case.
e (Case F1 (E-S) + O3 (E-S-F):
Solve p, =p,+1 and p, = p, /2, which gives p;. =2 and p; =1.
Case F1-1: f < f,., and p, < pC,,.

Compare pgand pg,,
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lA’g41 _ﬁg =fl-Isp +1-1.
Take the derivative,
d(i)gu - f’g)
af

When f = fr,, pSy — PS5 =—2<0. Hence F1-1 is not feasible.

=[>0.

Case F1-2: > f,, and p, < pS,,.
Compare pgand pS,,
13531 _ﬁg =-2<0.
Hence F1-2 is not feasible.
There is no equilibrium for this case.
Case F1 (E-S) + 04 (E-S):
Solve p, =p,+1 and p, = p, —1, which gives p: = p5 +1 and p;, = p,, .
Case F1-1: f < f,., and p, < pC,,.
Compare pg and pg,,
ﬁgm _ﬁg =fl=lIsp +1-p,.

Take the derivative,

d(ﬁgm - ﬁg)

af

=[>0.

When f = f,,, we get pS,, —pS =—1-p, <0.Hence F1-1 is not feasible.
Case F1-2: /> f., and p, < pC,,.
Compare pgand pg,,,
15331 _133 =-1-p,<0.
Hence F1-2 is not feasible.
There is no equilibrium for this case.
Case F2 (E-S-F) + O1 (F):
Solve p, =(p,+1)/2 and p, = p, +1, then we get p; =/+1 and p, =2/+1.
Case F2-1: fpy < f < f;, and 13831 <po = 13532’
Compare pSand pS.,,

Do = Do =2y f+Is, ~1-2I.

18



Take the derivative,

d(ﬁgu_i?g)_ / 50
df —fl+ls, -1

When f:fm , we have

P, — S =—2{P(2N2+3)-2<0.
Hence F2-1 is not feasible.
Case F2-2: f, < f < fp and g, < Py < Pons -
Compare pg and pS,, ,
PG = BS =N2(f =5, —1+1) = f =3l +5, —1.
Take the derivative,
d(ﬁgzz _ﬁg) _\/5_1>0
df '

When f :fﬂ , we have

f’gzz _135 =—4/<0.
Hence F2-2 is not feasible.
Case F2-3: f'> f,, and pS,, < p, < pS,.
Compare p; and pS,,

ﬁglz _ﬁg =—4/<0.
Hence F2-3 is not feasible.
There is no equilibrium for this case.
Case F2 (E-S-F) + 02 (E-F):
Solve p,=(p,+1)/2 and p,=(p,+f+1)/2 , which gives p;=(2+I/+/)/3 and

Po=(1+21+2f)/3.
Case 02-1: f < f,, and p.,, < pp < Ppys -
Compare pyand pt,,

A - 4 21 2
png _pg =\/5f+\/51—7f+?—§.

Take the derivative,
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d(ﬁglz_ﬁg)_ 4
T—ﬁ—§>0.

To have pS, —pS >0, we have f>-9v2/+4+32 131 .
Compare pyand pr,,,

o 2 4 2f

ﬁg_pmz:g*’?’ 3
Take the derivative,
d(ﬁg _laglz) :_g<0.
df 3
Then we need f <2/+1. Note that f < ]}01 , SO We compare fm with 2/ +1,
for = QI+ = (N2 +1)I -1.
Take the derivative,

d((2ﬁ+1)1—1)

=242+1>0.
dl V2

When £, —(2/+1)=0,

1 22
7

l=—=+—=~0.26.
7

22

Hence when _%+T<Z<%’ we have fm —@2I+1)>0and f<2/+1.
Next, we check the compatibility with f > —9V21+4+3J2-131.

1
When —7+—< / <§, we have

(20+1) (-2 +4+ 332 =131) = =3 +151+ 9421 =32 > 0.

Hence, case O2-1 is feasible.

1 22

When 0</<——+——, we have
7 7

fou—(21+1)<0 and we keep [ < f,,.

We check the compatibility and have

For —(—9&1+4+3J§—13z):(2J§+3)1+9J51—4—3x/§+131<0.
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is not compatible.

1 22
7

Hence 0<l<—7+

To summarize, case O2-1 is feasible when

max(o,—9ﬁ1+4+3ﬁ—13z)<f<21+1 and —7+¥ 1<%.
Case F2-3: > f., and pS,, < p, < pS,.
Compare p;, with the boundary, we have
e .o 4 2 2f e e 2 8 2f
=P =—+—+"2>0and p5, — P, =—————-.
Po ~— Pon 37373 Poix — Po 33 3

Take the derivative,

d(ﬁglz_ﬁg)__g<0
df 3

So we need f <1-4/. Note that we also have max(O,—9\/§Z+4+3\/§—l3Z)<f<2l+1 and

f>fF1. Therefore we need fFl <1-4/ and max(O,—9\/§l+4+3\/§—131)<1—4l.

22 1

Since —l+—<l<—.
7 7 3

max(o,—9ﬁ1 14432 —131) >1-41.
Hence F2-3 is not feasible.
Case F2-2: f,, < f < fg, and i)gZI <Po Sﬁgzr

Note Case 02-1 is feasible when max(O,—9\/§l+4+3\/§—l3l)<f <2l+1 and

12f

1
— T<l<§ Compare pg with p5,,,

Then we evaluate p, with pS,, ,

R 5 51 1
pgzz po \/_f \/_Z \/_SF"'\/___f__ +Sp -

Take the derivative,

d( PS5~ P5)
T ﬁ"“)
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30v21 625, 1242 35, 13 431
7

So we need f < f =— Z 7 St T Considering the criteria of f in

this case, we need to have j}>fF2 , j}>max(0,—9\/§l+4+3\/§—131) ,
fm > maX(O,—9\/§I+4+3\/§—131) and 2/+1> ]}m at the same time.

Compare J} with j}m,

A a 16821 6325, 1242 10s, 20 221
F R =)
7 7 7 7 7 7

Take the derivative,

d(f-7n) 6z 10 .
s, 71 71

To have f—fF2>0 , we need sF<§F1=—l—\/EZ+2 . Then we check the condition

f—max(o,—9ﬁl+4+3ﬁ—1sz) >0,

d(f—max(O,—9\/§l+4+3\/§—l3l)):_6\/5__<0
ds,. 7 7

For this condition to be valid, we need

- 821 111+2J§+5+max(o,—9ﬁl+4+3ﬁ—131) 2max(0,-9v/21 + 4+ 3v/2 — 1312
F F2 =~ 5 T T4 > - .
3 3 3 3 3 3

Then, we get

(—1+2\/§)[3\/§I+ma){0, (9ﬁ+13)(_771+3‘5_2)}41—1j
Spy—S8p =— 3 <0,

22 1

with —l+—<l<—.
7 7 3

Therefore, we keep s, <5, .

Next, we assume s, > §,,,

Jr—max (0,-921+4+332 ~131) =1 -1+, —ma){O, (9\/5”3)(_77”3*/5_2)] .

Take the derivative,

ar(fF1 —max(o,—9ﬁl+4+3ﬁ—13z))
ds,.

=1>0.
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To have f,, —max(0,-9v/21+4+ 342 ~131)> 0, we need

0 (N2 +13)(=71 + 32 - 2)]

sF>sF3=—l+1+max[ , Z

Recall we also have s, <5,,, we check

2(1+\/5)(max(0’ (92 +13)(=71 +3‘E_2)j+41—1]
22 1

7 1
<0 with —+——<[<—.
3 7 7 3

§F2 - §F3 =
Hence, the conditions cannot be met simultaneously, and F2-2 is not feasible.
Case F2-1: f,., < f < f, and 13831 <Po S15532 .

Recall case 0O2-1 is feasible when max(O,—9\/§Z +4+32 —131) < f<2l+1 and

1 22
— ==
7

<l< % . Here we make a mild assumption on the upper bound of s, to make case F2-1

not feasible.

Consider
max (0,-9/20 + 4+ 332 ~131) = f,, = max(0,-9v20 + 4+ 372 ~131) =5, +1+ 2321+ 31 > 0.
Take the derivative,

d(max(0,-9V21+ 4+ 332 -131) - 7,
ds

=-1<0.

F

Then we need

sp <8, =221+ max(0,~9v2[ +4+32 —131)+ 31 +1

32 2

1 .
Recall e <l< 3’ we can simply the above as,

§.,=220+1+31.

Now we solve two sets of piecewise funtions:

320 -2 +41-1 —%+¥<1<£—g

T 7

) 82l 1 5 22 W2 21
= — _Z<l<—

3 3 3 3 7 7 3
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—7\/§l+3\/§—101+5 —l+£<l<£
_ 7 7 7
ub,, = A
221 +1+31 N2 2, 1
7 7 3
And,
321 -2 +41-1 —%+¥<1<¥——
b, =
“ 82l 111 5 242 W2 2 1
—— et — ———<l<=
3 3 3 3 7 7 3
~721+3y/2 =100+ 5 —l+£<1<£
_ 7 7 7
ub,, = 5
2\/§l+1+31 %—%<l<%

There is no intersection for either sets of graphs.
Thus, there is no equilibrium for this case.
Case F2 (E-S-F) + O3 (E-S-F):

sOlvepF:%+p70 and p, =%F,whichgives pC=2/3 and pS=1/3.

Case O3-1: f < f,, and p., £ pp < Dpis -
Compare py, and p\,
R c 4
P = Pr == >0.
3
Compare psand pt,,
~ n 2
Br =B =5 21 N2+ [ -1
Take the derivative,

d([’g_ﬁglz)_
T_—ﬁ+1<o.

2 22

Solve we have f=—2\/§l—3l+§+T.
2 2\/§J
= |

Hence O3-1 is feasible when 0< f <min [fw,—%/zl -3l +§+

Case 03-2: [y, < f' < fo, and Py < pp < Ppy3-

24
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Compare pr,, and py,
R - 4
P = Pr == >0.
3
Compare py.and p.,,,
- n 2
P = Pra 25_2\/7\/7 .

Take the derivative,

d(ﬁg - ﬁgzl)

Ji
=— <0.
df Jr
Solve we have f = % Compare to foz ,
P 8
-f==>0
Joo =S =75,
Hence O3-2 is feasible when j}m <f <% .

2 22

Recall O3-1 is feasible when 0< f <min( f0,,—2\/§l—3l+§+T], we can combine the

feasible range for case O3 as,

91

{O<Z<%—% and 0<f<i}

V21 22 2 2&}
e

{———<1<T—§ and0<f<—2ﬁ1—3z+§+

Next, we will discuss Case F2-1: fm <f<j}F2 and ;ml <Po <1?9032 , Case F2-2:

S <f <[fm and p,,, < po < Po »and Case F2-3: > f,. and p,,, < py < Po, » jointly as they
share a common boundary.
Compare p;, and pj,,,

- 4

pg _pgll =->0.

3
For Case F2-1, compare p,, and p5,with f=f +s,:
d (f’gn - 135) [

= >0.

df —I(f, +1)
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. ~ -~ ¢ = 4 .
Since [, -8, <f. <fp—S. , we have pg32—pg=—§<0 with  f,

d (ﬁgﬂ - ﬁg)
df

=0 we have

_9l+1
9/

1 ~
<fo<[fp—Sp

Hence, F2-1 is feasible when — oL+

For Case F2-2, compare p,,,, and p;,

d(i’gzz - ﬁg)

=—21+£>0.
df 3

Since _/A’FZ—SF<_fS <_7’FI—SF , we have ﬁgzz—ﬁg=—2l+§>0 with fszifﬂ—s

d(i?gzz - ﬁg)

=0 we have
df
7 =22 z—i—g 3
Hence, F2-2 is feasible when max(;’m —sF,Z\/EI—i—gJﬁZJ <f. < fF1

For Case F2-3, compare p,, and p;,
d (13322 - ﬁg )
af

Hence, F2-3 is feasible when f, > ]A‘ S

:—21+g>0.
3
-

Now, consolidate the F2 ranges we have

{ 91H<f <fF2 F} {max(f“ SF,2fl—i—§+3l

Simplify,
max(—3l 1-24/21, 2\/_1—i—§+3z]<f

Hence, the feasible range for F2 is

26
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Jor

F o

F -

Solve
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0 1<£—— andf > 9l+1
3 91

3

{£—§<1<§ and f, >2ﬁl—i—§ 31}

Combine with O3 we have two overlapping regions

201 1 9+1
O<l<——-—,0<f<—,— <f-
3 3 / 9/° 9] S =5
g—éd %—30 Feafmo3s 22 2fl—i—§ +3l<f-s,

After adjusting the hierachy, the E-S-F equilibrium exist over the following ranges:

O<l<£—l andO<S,,<1+i :O<f<i
3 3 91 91

0< Z<£—ladl+i<sF<l+£ —1—i<f<i
33 91 91 91 91

{£—1<1<¥—§ and 0<s, <—2\/§l+¥+§—3l} 0<f<—2\/§l—31+§+¥

{Q—ld %—% nd (3.31) <, <—421 - 6l+; 4*3/_}

sF+2fl—i—§+3l < fe22-31+24 w2
3 3 3
Case F2 (E-S-F) + O4 (E-S):

1 ~ ~
Solve{pF :5+% Do :pF—l} , which gives {pﬁ =0,pg=—1}.

Hence there is no equilibrium in this case as price is negative.
Case F3 (E-F: Deter) + O1 (F):
There is no solution to{ p. = p, +1,p, = p, +1} , indicating that there is no intersection.

Hence there is no equilibrium in this case.

Case F3 (E-F: Deter) + 02 (E-F):

Solve{ =po+1,po= ; sz +§} whlchglves{ —31+fp0—2l+f}

Case 02-1: 0< f < f, and ppy, < pr < Pros -

Compare py,, and p,
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P = Bf =(-N2)(=f =D <0.
Hence O2-1 has no feasible range and there is no equilibrium in this case.
Case F3 (E-F: Deter) + O3 (E-S-F):

Solve{pF =po+1,p, =p7F} , which gives {15;“ =21, p;, =Z} .

Case 03-1: 0< f < f,, and pp, < pp < Prys -
Compare py,, and py.,
b= Br =2 =2)(~f =1 <0.
Hence this O3-1 has no feasible range.
Case 03-2: f,, < f<fp, and Py < pp < Prys-
Compare py. and py.,,,
P = Bf =2 =V2) (= =1 <0.

Hence this O3-1 has no feasible range.

Compare pyand pr,,
d ~C _ ~C
(b =) _ 21217 .
daf
When f = f;,

20-21[f =21 <0.

Hence this O3-2 has no feasible range.

And there is no equilibrium in this case.

Case F3 (E-F: Deter) + 04 (E-S):

There is no solution to { Pr=Do+L,po=pr— 1} , indicating that there is no intersection.
Hence there is no equilibrium in this case.

Case F4 (E-F) + O1 (F):

Solve{pF =1—L+&+i—s—p

2T 2,po=pF+l},whichgives

{Df =2+ f=sp.p5 =241+ f s, }.

Case 02-1: 0< f < f, and p, < pr,, .
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Compare pt,, and p:,
Doy —Dr=—1—2+s,.
Solve for s,
Sp=1+2
Then O1-1 is feasible when s, >7+2.
Case O1-2: _]}01 <f<_};02 and p. < Pp, -

To compare p.,, and p. , first take the second derivative,

dz(ﬁgzl_ﬁg):_ \/i <0

de 2f3/2

Then by checking boundaires,

d(ﬁgﬂ_ﬁg)_ \/; _1<0
df - '

4

Then we check pg,, — ps at boundaries point f = _/}01 ,
Prar = Pp=—1-2+s,,

and at boundaries point f = foz,

n - Is. —1
pgzl —p,g =1 .
/
Now the difference is
-1
—Z—2+sF—ZSFl =—[-2+s,

Hence in O1-2 is feasible when s, >/+2.
Case O1-3: f>j?02 and p, < pDpy, -
To compare py., and p; , first take the second derivative,
d(pry —PY)
af

=[-1<0.

Then check boundairy, f = _/}02
1
AI=f sy === s

Then we check pS,, — pC at boundaries point f = £,
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lA’gzl _ﬁg ==1-2+s;,

Solve for s,

Hence in O1-3d is feasible when s, </+2.
To combine O1 subcases, we notice that when s, </+2, none of O1-1, O1-2 and O1-3 will be

feasible. Thus, there is no equilibrium in this case.

Case F4 (E-F) + O2 (F-F):

I py f s I p. f
Solve S s M RN O
{pF 2" Ty T T
[ 4 2s / 2 s
which gives { pS =——+ f+———L pS=—+ f+ =L,
¢ {pF AT R A }

Case 02-1: 0< f < f, and oy, < pp < Prrs -

Compare py and pg,,,

pF_pFn:? 3 3

o ¢ 2 4 2s,

Solve for s,

2
SF=_§<0'
2
Note that we assume s, </+2, hence we need 2?]+§— ;F >0.

Solve for f,

V21 25, 2s, 22 4 7
+ + -

3 3 3 3 3 3

5
f =
Compare py.,, and pr, take the derivative,

d(ﬁglz_[’g)zﬁ_2<0

df
When f:jA‘OI,
d(i)glz ﬁg):£>0
ds,.
. - 2 4 2
Hence, we need p¢, — p& =—— -~ + 2L <,
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Solve for s, for the previous case, we need

321

2———21

Hence O2-1 is feaible when

2——3fl—21a do< f< \/EZ+2SF+\/§SF—2\/§—1+7—I.
2 3 3 3 3 3 3

Next, we will discuss Case F4-1: f,, < f < f,, and Py, < Py < Pors and Case F4-2: 1> £, and
Pois < Po < Poia together.
Compare pg,, and pg,

~C 21 4_2SF

D >0.
p014 Po = 3 3 3

Compare pg and pS,,,

- R 4] 2 4
pg_pgzzz_"'zf *r \/_f"'\/_l"'\/_SF ‘/_

3 3

Take the derivative,
d ~C _ ~C
(85~ Pom) —2-2>0.
df
L_5V2 25, 22 71

Solve then we have f = L/ .
3 3 3 3 3 3

sp 1521 s, 2f 71

Since +—— - ¥ , solve for s. we have
33 3 3 300 n o
S, ==50+2
So we need s, >—5/+2 and S?Fnt%— Sfl - \/iSF 2\3{7 73] f< fF1 to make F4-1 feasible.

And this also satisfies F4-2, when f > fm and p,; < Po < Pow-

Hence either F4-1 or F4-2 is feaible when Sp>=50+2 and
s_F+l_5\/51_\/5sF +2\/5_7_1
3 3 3 3 3 3

Next, we consolidate the feasible range of O2 and F4 using two piecewise functions,

<f.

7 7 77

11 18\/_1 6v2 261 §4\/_l3\/—4
321

2———21 3\5—4<1<5
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0 otherwise

Thus, the E-F equilibrium in this case exist when:

{—§+—4{<1<3J— 4a d11 1821 62 2761 sF<l+2}

+{3\/§—4<1<§ 2—3T\m—21<s <1+2}

sp 1521 N2s, 242 71 521 2s, N2s, 22 4 7l
= - + -—<f< + + - ——t—
3 3 3 3 3 3 3 3 3 3 3 3

Case F4 (E-F) + O3 (E-S-F):

Solve{pF —1—é+ Po +£—S—F,pO =p—F} ,

2 2 2 2
which gives {ﬁﬁ =%—%+%—%,ﬁg =§—§+§—%F},

Case F4-1: f,., < f < fr and Py, < Py < Poyy-

Compare py,, and pg,

o 4, 42F 2 o
3 3 3 3

Poww—Po =
Compare pSand pg,,,

B pe =2 2 A A ey a1+ 2s, 42 <0.

3 3 3
When f'=f,,,
133 _13522 =—§+2Z<O
Solve for f
f=s,-5+921-32 +131.

Soweneed f,, < f<s, —5+9321-32+131 .

22

Hence, F4-1 is feasible when _%+T<l<§ andf,, < f<sg —5+9321-32+131.

Case F4-2: f> f, and Py < po < Poys-

Compare p; and pg,,, and take the derivative

32



When /=71,

ﬁg—ﬁ&3=504+30<0
Hence F4-2 cannot be feasible.
Case O3-1: 0<f</}01 and P, < pr < Dpis -

Compare pr,, and py,

~ c 2 21 2 2s
Pris— Pr =_+___f+_F~

3 3 3 3
Solve for f°,
f=1+1+s,.

22 1

So we need —%+T <l< and Fry < f<s,—5+921-32 +13]. And it is satisfied.
Compare py. and p,,,

- - 4 51 5 25
ﬁiﬂﬁu=§—§+j§—jf_45f—Jﬁ-

Take derivative we have %— \/E >0.

When f=s, —5+9/21 32 +131,
Py — be =—2s, +20+5, —1+21
Take derivative on s, we have —v2 +1<0.

Solve using two sets of piecewise functions:

1
I+2 0O<l<-—
ub,, = < 3

44
0 otherwise

NG

0 O0<l<l——
I-1/l +5s F 2

320 -2 + 41 -1 1—%<1<%

We have %—%l +% —2% — \/Ef — \/El to be negative, hence O3-1 cannot be feasible.
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Case O3-2: j}m <f<j?02 and P, < pp < Dpps -
Here we can show that there is no overlapping region between the feasible ranges fm <f< /}02
and f,, < f<s,—5+921-32+13l.
Specifically,
Sor =83 +5=921+342 =131 = (22 +3)[ =5, +5-9V21 + 332 ~131.
Take derivative of s,., we have —1<0 and this result satisfies the assumptions.

Hence O3-2 cannot be feasible.
Overall, there is no equilibrium in this case.

Case F4 (E-F) + 04 (E-S):

) s
Solve{pF =1—E+p—2o+§—§,po =p, —1} ,

which gives {;32 =—l+f—s,.+1,p5 =—l+f—SF}.
Case O4-1: _fm <_}”<_/}F1 and Py, < Py < Powa-
Compare py,, and pg ,
DS — D5 =2+21>0.
Take the derivative,
d(ﬁgm _IBSJ
2—-+/2
—\/_):1>(),
af

Check the boundary at f = j}Fl R

AC ~C
Pois — Po

2_—\/5):(2+\/§)(l—1)<0

Hence O4-1 cannot be feasible.
Case O4-2: > f,, and p,; < Py < Doy -

Compare p;, and pg,,
AC  ~C
Po ~ Pois /
= =(2+2)(-1)<0.
2 ) ( ) =1)

Take the derivative,
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d( 15814 B ﬁg ]

72—

—\/5) —1>0.
af

Hence O4-2 cannot be feasible.

There is no equilibrium in this case.

Case F5 (F) + O1 (F):
Solve{p, = po —1,po = p +1} , which gives {;35 =ps—1,p5 =[a§} .
This suggests that two OBFs coincides. We need to derive the range of p,,.
We can directly observe that for Case F5-1: f < _/}m and p, > p,,,, Case F5-2: _/}m < f< sz and
Do > Dos, » and Case F5-3: f > fm and p, > Py -
For O cases, Case O1-1: 0<f<f01 and p. < Py, -
Compare pt,, and p:,
Prn=Pr=f-Po-
Solve for p, we have p, = f . So Ol-1 is feasible when O<f<_f0] and p, < f.
Case O1-2: j}m <f<j?02 and p. < Pp, -
Compare p\.,, and p,
Brar =B =21 = po +1.
Solve for p, we have p,= 2\/7\/74—1 . So O1-2 is feasible when fm <f< on2 and
Po < 2\ﬁ\/7+l .
Case O1-3: f>/}02 and p, < Py,
Compare pt,, and py,
Prn =Py = fl+1=po +1.
Solve for p, we have p, = fl+/+1.So O1-2 is feasible when f>f02 and p, < fl+1+1.

Next, we rule out F5-1. Under F5-1, we have f < f, 5 - Take the derivative,

LS =1>0.

ds,.

Since we have s, <[+2,
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frs =5, —1—%<0.
So, we can rule out F5-1.
Now we have Case F5-2: feasible when f < fm and p, > p,s, ,» Case F5-3: feasible when f > fm
and p, > Py, » Case Ol-1: 0<f<j}01 and p,<f , Case O1-2: ]}01 <f<fo2 and
Do <2\/i\/_7+l, and Case O1-3: f>f‘02 and p, < fl+1+1.
Now when s, =0,

foy=-31-1-221.
Take derivative,

%=1>0

SF
When s, =/+2,
fry==21+1-221
Then we futher discuss three cases A, B, C.

Case A: j}m <0.

For O1-1, we check the compatibility p,,,, < p, < f , under 0< f < f‘m .
f=Dop=—1—-2+5,<0

So O1-1 cannot be feasible.

For O1-2, we check the compatibility p,,, < p, < 2\ﬁ\/7 +/, under _];01 <f< _/}02 .

So O1-2 cannot be feasible.

Case B: J}Fz <0.
Case C: f"m <0.
Case O3-1: f'< f,, and Py, S pp < Ppys-
Compare pt,, and py,
R -c 4
pfc“n _pg ==>0.
3
Compare pyand py,,

~c A 2
Br = Pro =5 N2 N2+ f -1
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Take the derivative,

d([’g_ﬁglz)_
T_—ﬁ+1<o.

2 22

Solve we have f = —221-31 +§ +T .

2 222
=5

Hence O3-1 is feasible when 0< f <min { fOZ,—2\/§l -3l +§+

There is no equilibrium in this case.

Case F5 (F) + 02 (E-F):

Solve{pF =po—1,p, :é+%+§} , which gives {ﬁg =-I+f,p; :f}.

Case F5-1: f<fF3 and p, > Ppy,; -

Compare p;, and p,,, , then take derivative,

d(i’S - 13841)

=—/+1>0.
daf
When f = jAfF3
Po = Pou = _7+S1«"
Take derivative for s, we have 1>0.
1 .
So we have ——+ s, to be negative.
[
Hence F5-1 cannot be feasible.
Case F5-2: fm <f< f"m and p, > Py, -
Compare p; and pg,,, then take derivative,
dz(ﬁg_ﬁgzz)__ I’ <0
df* 2(~1(f =5, +1))"
d(ﬁg_ﬁgaz)_l_ /
df J-1(f =50 +1)

When f =JA‘F3

Do = Poyy =—1+1>0.
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When f =jAfF2

d(ﬁg_ﬁgzz) \/5

TN
S0 pS = Poy =—1—2+s, <0.
Hence F5-2 cannot be feasible.
Case F5-3: 1 >_sz and p, > Do -
Compare p; and pg,,, then take derivative,
~C  ~C
—d(pod;po”) ~1>0.
When s, =/+2
155 - 15823 =0.
When fzj‘”
~C _ =C
d(p6-pon) 2 o

df 1442
S0 pS = Po =—1—2+s, <0.
Hence F5-3 cannot be feasible.

There is no equilibrium in this case.

e Case F5 (F) + O3 (E-S-F):
3 _ Pr . ) ~Cc _ ~C _
Solve{pF =po—1,po —7} , which gives {pF =-21,p, ——l}.

Hence there is no equilibrium in this case as price is negative.
o Case F5 (F) + O4 (E-S-F):
There is no solution to { Pr =Do—1l,po=Pr — 1} , indicating that there is no intersection.

Hence there is no equilibrium in this case.
. 2
In summary, we define the following: /, =1—7, Spy =1+2, Sy =342/ -~/2 + 411 and update the
assumption set as:

{0<i<1, andO<sF<sFA1}+{lA1<l<§ and s, <s, <sFA1}

To describe the E-S-F equilibrium we define the following:
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1 V13 2 1 82 25 22 2
111___ 912:___71132 T 0he T 5
2 6 3 3 17 51 3 3

1 2 5 2

Spy =1+ — 9/’ SEna = 2\/71+i+§ 30,815 = 4\/_1 6/ + \3/_

1 2 2\/_ 2205
fnzg,fn:sF—1—§,fl3:—2J§1—3z+§+ y oSSt 2[1———5 +3L.

Then the feasible range for E-S-F equilibrium writes:
{0</<l,and 0<s, <s.,}+1{, <I<l, and 0<s, <s.,,}:0< f <1,

{h, <l<ly and g, <sp <spgb:fi, <f<fi
{l,<l<l,and 0<s, <5y, :0< f<f;,

{, <l<lyandsg,, <sp <sg,}+{; <l<l, and s;,, <sp <sg3}: fis <f <[

To describe the E-F equilibrium we define the following:

;5 4[ 354 I 18V eN2 260 3[1—21

21 = 7 7 22 ’F21 7 7 7 7’F22

lezs_FJrl_S\/El_\/EsF+2\/E_7_l,f22:5\/§l+2sF+\/ESF_2f_i+ll
33 3 3 3 3 303 3 3 3 3

Then the feasible range for E-F equilibrium writes:

1
{1,y <<l and s, <s, <sFA,}+{l22 <l<§ and s,.,, <5, <sm}:f21 <f<fp
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D. Comparison of Profits and Consumer Surplus
Under the C scenario, first, let us consider the equilibrium under E-F. Recall from section C, the equilibrium

prices are:

4 2s; [ 2 s
=——+ =—+ f+=—-L".
{ S+ 3P0 =3 S 3 3}

From section B, we have the profit functions:

- 1 5 2 1 1
T T A VAT

The consumer surplus is defined as,
5 7 1 1 1 1 1 11
CS, =—s,——l——f+—sr +—v+—1" ——Is, ——.
o =1gr Tyl Ty S e g

Under E-S-F, we have the following prices, profits, and consumer surplus,

e 21,1
7[53_§+_ﬂ__ZSF
= 1 N
218 2
csm:llz—ﬂ—nlv

4 36 2

Similarly, under F, we have the following prices, profits, and consumer surplus,

{pF = Do _Zapo zpo}

- D /
=5
7 =0
CSn =337y

Recall we have E-S-F equilibriums when:
{0<l<l,and O<s, <s.,}+{, <l<l,and 0<s,. <s,,,}:0<f<f,,

{h, <I<ly and g, <sp <spgb:fi <f<fi
{l,<l<l,and 0<s, <84,}:0< f<f;,

{, <I<lyandsg,, <sp <sg,}+{; <I<l, and s;,, <sp <sg;}: fis <[ <[
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and we have E-S-F equilibriums when:

1
{L, <I<l, and s, <s, <sFA,}+{I22 <Z<§ and s,.,, <5, <sm}:f21 <f<fp

Under N scenario, O<l<% and s,, <min(Sm,SR2), we have the following prices, profits, and

consumer surplus,

~ 1
ﬂ'g ZE—SOZ"FESOI’[ .

7

CS, SRS N —1Ih, +lh,2
36 2 4

Now, we split the above conditions into five cases; for the rest of the comparison, the N scenario is always

the benchmark.

Case 1 (E-S-F): {0<l<l11 and 0 <s, <SFAI} + {lll <l<l,and 0<s, <sF“} +
{l,<l<l,and 0<s, <s.,}.

In this case, the e-tailer becomes better off, the physical retailer becomes worse off, and the consumer

surplus becomes better off.

Case 2 (E-S-F): {I,, </<l, and s, <s, <Sp,}.

2 —_—
In this case, the e-tailer becomes better off when {so > Bl and s,,, <S, <5 Al} A+
9(-20+h,)
2 —
0<s, <—M and s,,, <S, <—%+2so+l+i , and worse off when
9(-21+h,) [ 91

97> +91 -1 s, h 1
0<s, <———and -2 +25 +14+—<s,< .
{ oS T9(ar+h) R TR SF‘”}

The physical retailer becomes worse off; and the consumer surplus becomes better off.
Case 3 (E-S-F): {l“ <l<l, and s, <s, <sFA1} .

In this case, for {112 <l<l;ands., <s, <sFA1} :

N 2 +2) (=121 -6 +52)1
6(=21+h,)

the e-tailer: becomes better off when {SO andsm<sF<sFAl} +
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{0<s0<(2+ﬁ)(—1zz—6+5ﬁ)1 ands... <5, <2314 2( solh,,

—3l-|—250+é , and worse off
6(—20+h,) 3

2+:/2)(-121-6+52)1 2f syh, 5
when {0<s0<( é(—21+hr) ) and — 22/ + OT_3I+2SO+§<SF<SFAI :
For {l, <I<l, and s, <s, <}

(B+242)(=31=2+22)1
3(=21+h,)

2\/_ sohr
/

the e-tailer: becomes better off when {so > — and s,,, <S5, <sF13} A4

and s, <$, < 221+

{0<s0 <_(3+2\/§)(—3l—2+2\/§)l

-3l +2s, +é , and worse off
3(-20+h,) 3

when{0<50 _G+a)3-24220 2ol 2[ solh

5
N(2ih) 3l+2s0+3<sF<sFl3}

The physical retailer becomes worse off; and the consumer surplus becomes better off.
Case 4 (E-F): {I, <<, and s, <s, <sp,}.
In this case, the e-tailer: becomes better off when

(81+56f)( 511 —49+4542)(=511-1+34/2)
46818(—21+h,)

ndsF13<sF<l+2—\/1850hr—36sol+2} , and

worse off when

_ (B1+56v2)(=511-49+45V2)(=511 -1+ 32)
46818(~21+1,)

and [ +2 —[18s,h, —36s,] +2 <sF<sm} +

(81+56f)( 51— 49 +45\2)(=511-1+3/2)
0<s, and s, <Sp <Sp, -
46818(-20 +4,)

The physical retailer becomes better off when

- (16872 —243)/591+406v2 16132 , 1096

867 280 " ge7 2 Sne S <Sn .
4 1 1, 5
and ~ [+ —Is, ——s> +> ——12——< <
o Tor TR T T g S <t

(16872 — 2433591 + 40642 _161ﬁ+1§6976<l<,14 and —342 +1—1

867 289 , and worse

(1 +N2)(=361+1+1742) <5, <5, and fy, < f <§1+%ls,, —igsi +§sF %12 —g
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(1682 —243)y/591+406+2 16142 1096
- + <<,

off  when 867 289 867 -
and s, <5, <32 +1—-1+/(1++2)(=36] +1+172) and f, < f < /i,

(1682 —243)4/591+406+2 16142 1096
L <l< - + and s

867 289 867 s

<S8p <Spy

4 1 1 5 1 4
andf,, < f<—Il+—Is, ——s>+=5,. ——1°
f21f9 9 " 18" 97F 18 9

(168+/2 —243)y/591+ 406+/2 _161\/§+106976<l<ll4 and — 33 471+

867 289 8

4.1 1, 5 1, 4|
JA+V2)(361 +1+1742) <5, <s,,,, and f,, <<l glse s s —

The consumer surplus becomes better off when

4 1 1 5 11 71 1
§pa <8, <S,,andf, < f<—I——Is, +—s2 +—5, ————1*+2Ih ——hz} , and worse off when
{FU F FAl f‘21 f 9 18 F 36 F 9 F 18 36 r 2 r

4 1 1 5 11 71 1
{sm <S§p <S8, and §I_§ISF +£5; +§sF _ﬁ_glz +2lh, —Ehf <f <f22}.

Case 5 (E-F): {114 <Z<% and s,,, <S; <sm}.

In this case, the e-tailer: becomes better off when s,.,, <s, </+2 —\/1 8s,h, —36s,l+2, and worse off

when 7+2— /185, —365, +2 <5, <S, .

The physical retailer becomes better off when

{—3ﬁ+1—1+\/(1+J5)(—361+1+17ﬁ) <s, <s,, and guézsp —%s; +§SF —%12 —g<f<f22} ,

and worse off when

{—3\/5+l—1+\/(1+\/5)(—36l+1+17\/5) <8, <Sp, andf, < f <gl+élsF —%si +§sF —%12 —g}

+ {sF22 <Sp <—3\/§+l—1+\/(1+\/§)(—36l+1+17\/§) and £, <f<f22}.

The consumer surplus becomes better off when
4 1 1 5 11 71 1
Sy <8, <S8, andf, < f<—l——Is, +—s> +=5, ————[*+2Ih ——h*>}, and worse off when
{ F22 F FAl ](21 f 9 18 F 36 F 9 F 18 36 r 2 r
4 1 1 5 11 71 1
Sppy <8, <Sp, and — ——Is, +—s- +=5, ————1"+2lh ——h> < f< .
{ F22 F FAl 9 18 F 36 F 9 F 18 36 r 2 r f .f‘22
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Note that for Cases 1, 2, and 3, the physical retailer is always worse off. In order to identify the win-

win situation, we focus on Cases 4 and 5. Next, we consolidate Case 4 and Case 5.

Define 5,y =1+2—\[18s,h —3655/+2 ,  5p,==32+1-1+A+2) 36/ +1+1732)
4 1 1 5 1 4 4 1 1 5 11 71 1
=—J4—1Is, ——s>+=s, ——1*——,and f., =—1——Is, +—s> +=5, ————1>+2lh ——h>.

f“9 9" 18" 97F 18 9 fC29 187 367 977 18 36 oo

Case 4+5 (E-F): {113 <l<l, and s, ;<s, <SFA]} + {ZM <l<% and s,.,, <S <sFA1}.

In this case, the e-tailer becomes better off when s, <s,,, and worse off when s, >s,.;.

The physical retailer becomes better off when {s. >s., andf > f;} , and worse off when
{sp>sp and fy < f < fi} + {sp <sp, and fy < f < [}

The consumer surplus becomes better off when {s,,, <s, <s,,, andf,, < f < f,}, and worse off when

{Spp <Sp <Spy andf, < f < fi,}.

To identify a win-win region, we need to find the conditions for s, >s,,. Compare s,,,5,,,

Sps = Spa = 3= 188, — 36500 + 2 + 332 — /(1 ++2)(=36/ +1+174/2)
Take the derivative

d(sp =) 18k —36l

>0
ds 2\18h,s, —36ls,, +2

Solve, and we need

) >_ﬁJ(l+ﬁ)(—36z+1+17ﬁ) + 6521 = 632 + /(1 +2)(=361 +1+17/2) + 61 - 10
¢ 3(-21+h,) '

Hence the win-win condition is s, <S5, <S,; .

Note that in this case, the consumer surplus becomes worse.
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