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A. Proof of Lemma 1

We first derive their shopping choices by comparing U, U, , and U.. We find that U, >U, when
h, < Hg,ES =2l —¢ . For no-cross-return case, we further derive ﬁgES =2l —h,. We consider that | > h, /2,
such that showrooming will not dominate e-Direct. For cross-return case, we get ﬁgES =1. We find
U >U. when hy < ﬁgSF = Pe — P, for both cross- and no-cross-return cases.

Then we separate our analysis into two cases: (i) ﬁgES < ﬁgSF and (ii) ﬁgEs > ﬁgSF. For the case with
hes <hie ., We get p, < Pl,=p. —2I+¢, which indicates pY, = p. —2I+h and pS,=p. —I. Then,
we find that (i) U >max{U,,U.} for 0<hy <hiy , and (i) Ug >max{U U, } for hi <h, <hi .
If we further have hig <1, i.e., po > pb; = p- —1, we will have U, >max{U,,U.} for hiy. <h, <1.
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To summarize, when p., < p, <pS,, the consumers with 0<h, <hy, will choose e-Direct, the
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consumers with hl. <h, <hl. will choose showrooming, and the consumers with hl .. <h, <1 will

choose buy-offline. If ﬁgsp >1, i, py<pLs, none of the consumers will choose buy-offline. The
consumers with 0<h, <ﬁc‘,ES will choose e-Direct, and the consumers with ﬁci,ES <h, <1 will choose
showrooming. We assume that | <(1+h )/2 in order to have pJ, < pJ, ., otherwise buy-offline and

showrooming would not co-exist at any given p, for no-cross-return case.
For the case with ﬁC‘)ES >ﬁ‘OSF , Which indicates p, > pi, , there does not exist a region for
Ug >max{U.,U.} asitrequires ﬁC‘,ES <hy £ ﬁ(‘)SF . Hence, there is no showrooming consumer in this case.

Instead, we find that U.>U, when hy<hip=(ps—po+2l—¢)/2 , which indicates
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her =(pe —Po+21-h)/2 and RSy =(pe—po+1)/2 . To make sure hi.>0 , we need
Po < Po, = Pr +21—¢ , more specifically, p, =p. +2I-h, and pS, =pe +1 . It’s trivial to show
PS> PS, - We can further verify that pj, > pd, based on the assumption h /2<1<(1+h)/2. In
addition, we find that 0<hi_. <1 when p\, < p, < p.,. Hence, when p., < p, < p.,, the consumers
with 0<hy <h(')EF will choose e-Direct, and the consumers with ﬁC‘)EF <hy <1 will choose buy-offline.

When p, > p,, we have hi.. <0. In such a case, the consumers with 0<h, <1 will choose buy-offline.

B. Proof of Lemma 2
We first set up the consumer demand a, based on consumer segmentation from Lemma 1. For simplicity,
we introduce the following notation: we use case A to denote Seg F (segment F) from Lemma 1, case B
for Seg E-F, case C for Seg E-S-F, and case D for Seg E-S.

e Case A:When p, > fiy,, a5, =0, al, =0, ap, =1/2;

e CaseB:When p., <p, <P, a,=h_/2,a,=0,a, =(1-ﬁgEF)/2
o CaseC:When pl, <p,<pl, a.=h./2, al. = (hosF hOES)IZ A = (1 hOSF)
e CaseD:When p, <pl,, al,=h /2, a, = (1 hOES)IZ a, =0.

Now let’s derive offline retailer’s best response functions under each case.

e Case A: When p,>pS, , we get p.<p,-l| , the total profit function is

Ten =(Pe )-8 +( f =S¢ )-ag, = Pe / 2. We derive positive derivative (L]Z—FA 2% , 0 the best
Pr

response price for physical retailer is pr = fJES = Py —|. Thus, the total profit for offline retailer
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e Case B: When pS,<p,<ps, . Wwe get p,—I<p.<p,+I, the total profit function is

e =(Pe)-ags +(f—sc)-ag =pe [l—l——&+&j+(f —sF)(I—+&—&] . We

in this case is 777, =
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solve the derivative C:;[—FB =0 and get p;=pF,=(Po+f—s—1+2)/2 and
Pe
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Then we evaluate at the upper limit of p., py +1-pg, :E+7—1—E+?. To make

Po +1-Pg, =0, we get py < PS; = f —s —31+2. Then we evaluate at the lower limit of

Po T S

BN To make Pg,—po+1>0 , we get

. I
Pe o Pra—Potl=1+-
Po < Pow = f =S¢ +1+2. Note here, pg,, — Pg,s =4l is positive. When p, < PS5, solve the

Lagrangian 7, = pp(l—l—&+&j+(f—s¢)£l+% p4°j+ﬂ,(l+po P:) . we

2 4 4 4 4
get the boundary solution pr = P, = pg +| and
. 1,1 1 1 1 . :
ﬂLlFB=EI—§I2+E Po—3 pOI+EIf _EISF . When pg > pg, , solve the Lagrangian
1 1 pe P | Pe_P
7T ors = pF(E—Z— 4F + 4°j+(f—sF)(Z+TF— 40 +A(Pe—Po+1) . we get the
: ) Po—I
boundary solution p; = pg, = p, —land 7}, =,

Case C: When pS,<p,<pS,, we get p,+1<pg<p,+1, the total profit function is

f—s:)l
pp(l pZF %j+% . We derive negative second order derivative

2
dd% =—1,s0 we get p. = Pg, =(P, +1)/2 such that ddp =0. The total profit in this
F F

case is 7r. :%Jr% Po +% pé+%lf —%IsF . To reach this optimal price and profit, we

need to have p,+1<pg,<p,+1. For the upper limit, p, +1- pg, =(p, +1)/2>0 when

Py > Poy, =—1. For the lower limit ﬁﬁz—po—lzé—%—l >0 when p, < pS, =1-2I .

Notice that Pg,, — PS5, =2(1-1)>0, so we have Pg, < Po < P5y, . Next we derive the

boundary solution when Po<Poyy - We solve the Lagrangian



f—s. )l

Tiee = pp(l %+%)+%+}t(l+ Po—P:) . and get the boundary solution
( f _SF)I AC -

Pe pFl Po+1 and 7z, ¢ :T. Then when py > Py, , We solve the Lagrangian
f—s.)l

Tl ore = pF(l %+%}+%+i(pp—po—l) , and get the boundary solution
1.1 1 1 1 1

p st pO+I and ﬂ-LZFC:EI_§I2+§pO_EpOI+EIf —EISF

Case D: When p, < pS,, we get p. > p, +1, the total profit function is 7., =(pg)-ag =0.

Hence, we have no best response function for this case.

Next, we summarize the offline retailer’s overall best response function by consolidating their best

response from above.

Case A: p; = P, = p, —| and the corresponding total profit is 7z, ;

Case B: When p, < pS;, the boundary solution is p; = Pg, = P, +1 and the corresponding
total profitis 7, .

When S, < Po < P . the interior solution is py = Pg, =(po+ f —s. —1+2)/2 and the
corresponding total profit is 7z 5 .

When p, > pS,,. the boundary solution is p; = P, = p, —land the corresponding total profit
IS 77, ypg

Case C: When p, < pS,,, the boundary solution is pr = P, = p, +1 and the corresponding
total profit is 7, - .

When pg,, < po < P, the interior solution is pr = sz (pO +1)/2 and the corresponding
total profit is 7. .

When p, > pS,,, the boundary solution is py = pF3 Po +1 and the corresponding total profit

. *
IS 70 orc -

From the summary, we find 7., =7, ,5, SO 7, is dominated. We also notice that 7,5 = 7, ,rc -

Hence, we compare the two boundaries pS, and pgS,,, and we get pS;— P, =—1+1+f —s.. We

derive pg,; > P, when f >s_ +1-1. Therefore, we have:



o CaseFl: f>f, =s +1-1
When p, < fS,, Pr = Py, and the total profit is 7. -
When pS, < p, < PS,» Pr = P, and the total profit is 7. .
When pS, < Po < PS5, Pr = DS, and the total profitis 7, -
When pS.; < Po < PSu» Pr = Pr, and the total profit is 7 .
When p, > fS,,, Pr = Pgs and the total profitis 7], ;

When f<s.+I1-1, ie, PS;<Pg, » We need to compare z;, and =z . . Hence, we get

1 1 3 1.1 1 1 1 1
Tre — T +— If——Is +=l-—f*+>fs Z I——IZ——f ~pof+=s, Se.-
Fe TR T 816ID 8" 4 16 8F16F8p 16 po 47 g o
. . " dz(”;c_”;B) 1 . .
We derive positive second order derivative — 4z 38 Then we evaluate 7 . —7g; When
Po
o X X (—1+1+f —s; )2 . . e
Po = Por,» and we get 7. — 7y =— 6 <0. We evaluate 7. — 7z When p, = g,
. . (H+1+f -5, )2 _ .
and we get 7o — 7 = 3 >0 . After solving i -7, =0, we get two roots

on =—2f +/21 425, =2 f —l+s. and poy =v2f —~/21 —+/25. +4/2— f —I+5, . Then

to compare Py, and Pog , We take the difference o, — Pos =242 (—1+1+ f —s.) . When

—2«/§<0 and f <s.+1-1, we have

d _
f=s.+1-1, we have p,,— Pos =0. Since w:

Poa — Pos >0 . Therefore, the smaller root p,, is inside the range and we get

BS,, =2 —\21 =25, +2— f —1+s_ . Since pozz =J2-1>0, pS,, decrease as f

dpg., dp
decreases. Next, we will compare fg,, with pg,, and g, . First, we get Zf =0 and Z‘;” =1.
. FA)C df)c dp AC . . oaC AC
Given d?l“ > d;’zz > d;’” P5,, have a chance to intersect with Pg, and Pg, . Second, let

S, =PS, . so we have f,=31+s. —3+2J21-22 . Let PS,,=pS, . so we have

f: » =S¢ —(3+22)I-1 . Then, we compare f, and f, , we get



f14—f11:2(3+2\/§)(—l —1+\/§). Note that f,—f, >0 when 0<I<% . Hence, when f

decreases, PS,, will reach Pg,, = PS,, first. Therefore, to summarize, we have:
e Case F2: sz <f< fFl
When p, < pS, = BS,, Pr = PE, and the total profit is 7). -
When pS,, < po < PS,,, Pr = PS, and the total profitis 7. .
When pS,, < po < BS,s. Pr = Pg, and the total profit is 777 .
When p, > pS,,, Pr = Pgy and the total profitis 7/, ;

When f < f.,, we have PS,, > PS,;, S0 we need to compare 7y, and 7, . We derive

Tee — T ppp = 11 —Po + po lIf —llsF +1I and the  second  order  derivative
8 4 2 2

d*(z;. — 7,

( F;pz LZFB) :% is positive. We first evaluate 7y, —7,; When p,=pg, , and get
O

11 1 d(ﬂ;C_”iZFB) I -

T — 70, —+=If ——Is +=1. Then we get =—>0.When f =f.,, we have

Fe Lo 5T > 5 9 T > F2
R =T prg = (2v2+3)( _1; V2)(1-1442) >0, assuming 0<| <% . Let 77e — 7 55 =0, we

A

have f = f,=s, —1—%. Hence when f., < f < f_,, we have %+%If —%IsF +%I >0. Then we

d(ﬂ;C_EiZFB> 1

evaluate = —E <0 . Next, we

d(7zee — 7,
( ch L2FB)=&—1 when p, = fg,, , and get
Po 4 4 dpo

derive the upper boundary of p, by solving 7zr.—7 s =0 . We get two roots

Pos =1+2,/-1(f —sz +1) and py =1—-2,/—1( f —s. +1). Then we compare P, and Pyg, and get

Poa— Pos =4y—-1(f—s¢+1)>0 . So we pick up the smaller root and have

Pos = Pog =1—2,/(=f +s. —1)I . To evaluate PS,,, we first have Aoz, = ! >0 and
032 — MoB F 032 df ’—If T ISF —I

dPo =0. Then we solve and get f = f —1—} Hence, we have PS,, < Pos,. To
of posz pou g =g = | » We Nave Po;; < Pos, -



summarize the case, we have:

o CaseF3: f,<f<f,
When p, < pS,, = S, Pr = Pr, and the total profit is 7, -
When pS,, < po < fS,,, Pr = Pg, and the total profit is 7 .
When p, > pS,,, pr = PS, and the total profitis 7/, ;

£ AC AC * * .
When f < f.,, we have Pg;; > Pgs, » SO We need to compare 7, and 7, . We derive

(f-se)l py |
* 0 - * * _
Tl 1re — i or = T_?JFE and after solving 7 ;e -7, =0 , we have

= Pouy = (f =S¢ +1)I. To summarize, we have:
o CaseF4: f<f,
When p, < pS,., Pr = Pg, and the total profit is 7| . .
When p, > fS,., Pr = Pgs and the total profit is 7/, -
Now let’s derive e-retailer’s best response functions pg, to the offline retailer’s choice of offline price

under each case.

e Case A: When p,>pS, ., we get p,>p.+l , the total profit function is
Ton = Po -(agA + agA)— f -al, =0. Hence, there is no best response function in this case.

e Case B: When pS,<p,<ps, . we get p. —I<p,<p.+I, the total profit function is

Zos = Po -(aEB +asca)_ f-ag = po (%+&—&]— f (l+&—%j and we derive the

4 4 4 4
d? 1
second order derivative #:__<o . Then we solve 070 =0 and get
dpg 2 dp,
A-p.+f)
Po =Ps, =(Pe + f +1)/2 and 75, :% . Note that we have the condition

P —l<po<p:+l, so we first evaluate the lower boundary p,—(pe—I) . When

Po=(pe+f+1)/2, we get p,—(pc-1)= %I—% % We derive negative derivative

d(zl_pZFJr;j 1 3l f
=——and get p. =3I+ f when ——&Jr_
dpe 2 2

=0. Hence, we need to have



pe <3+ f . Then we evaluate the upper boundary p. +1-p,. When p, =(p + f +1)/2,

d(l+p':_f)
2 2 2

I p f . . A 1
we get p. +|-py =—+————_. We derive positive derivative =— and get
get pe Po=5+5"75 p d. 5 9
Pe = Pryy = F =1 when I—+&—%=0. Hence, we need to have p. > f —I. Then, we check

the compatibility and have (3I+ f)—(f —1)=41>0. So we need to satisfy the condition

f—l<p-<3+f in this case. When p.<f-l , solve the Lagrangian

I p I P
nLlOB:p0(1+%—T°J—f(Z+%—TOJ+/1(pF—po+l) , we get the boundary

solution p; = pS, = pe +1 and 7z{,.; =0. When p. >3l + f, we get the boundary solution

. . [(1-pe+f
Po = Pr —1 and 7,08 :_%-
Case C: When pS,<p,<pS,, we get p- —1<p,<pe —I, the total profit function is
- If .
Zoc = Po -(a‘E:C +aSCC)— f-al, :M—E and we derive the second order
. d? d A
derivative # =—1<0 . Then we solve —29¢=0 and get o = Pos = Pe and
Po Po 2
p2
Toe = ?F——. Note that we have the condition p. —1< p, < p -1, so we first evaluate the
lower boundary p,—(p: —1). When p, 2%, we get P, —(Ps —1)=1—%. We derive

negative derivative —2:_% and get p- = Pr; =2 when 1-P= 0. Hence we need
Pe
to have p. <2. Then we evaluate the upper boundary p. —I—p,. When p, 2%, we get
d[sz—lj .
Pe —1—po :%—I . We derive positive derivative T:E and get p- =2l when
F

&—I =0. Hence, we need to have p. >2l. Then, we check the compatibility and have



: 1 : -
2—21 >0 based on our assumption that 0 < <§. So we need to satisfy the condition

2l <p-<2 in this case. When p-<2l , solve the Lagrangian
Tioe = M—%+ﬂ( P: — Py — 1), we get the boundary solution pg = p. —I and
. I(1-pe+f) _
Tioc = B E— . When Pe >2 , solve the Lagrangian
T ooc =p°(p+_po)—%+ﬂ,(l+ Po—P:) . we get the boundary solution
. . pe If

-land 7 ==t
p pO4 pF L20C 2 2 2

Case D: When p,<ps, , we get p,<pe-1 , the total profit function is

po If . . . .. drx 1
= Po '(aED + aSCD)— f-ag = 70—3. We derive positive derivative WZD =3 Hence we
. 1 p. |If
get the boundary solution po Pe—land 7,0 = _E+7_E'

Next, we summarize the e-retailer’s overall best response function by consolidating their best response

from above. First, we notice that 7, ,,c =7,,op, SO case D is dominated. Therefore, we have the

following:

Case B: When p;, < f —1, the boundary solution is p; = P, = P +1 and the corresponding
total profit is 7,0 -

When f—l<p.<3l+f , the interior solution is pg=Pg, =(P:+f+1)/2 and the
corresponding total profit is 7z .

When p >3l + f , the boundary solution is pg = p. —l and the corresponding total profit is
7T, 208

Case C+D: When p. <2I, the boundary solution is p, = p —| and the corresponding total
profit is 7, o -

When 2l < p. <2, the interior solution is pg = p03 Pe / 2 and the corresponding total profit

- *
i ZToc -



When p. >2, the boundary solution is p; = pS, = p. —1and the corresponding total profit is
T 20c -
First, we notice that 7| o5 = 7, ;o - Then we compare the two boundaries 31+ f and 2, and we have
3+ f-2l=1+f>0 given f >0.So we get 2l <3l + f . Then we need to discuss the position of the

other two boundaries f —1 and 2. Since f —I <3l + f , there are two possible positions for f —1I, i.e

f—1<2l<3l+f and 2l < f —1 <3l + f . Therefore, we look at the two cases separately.

When f—1<2l,ie f <3l, we have 3l+ f <6l . Since O<f<%, we get 31+ f <2. Then we

. . . . 1 3 1 1 1 1
compare 7o, With z5., and we get 7o — Toe "6 f2+§lf 5 p f +EI2+§IpF 1 P2 . We
d?(z., -7 1
derive the second order derivative —( 38 OC) _§ <0 . Then when p. =2 , we get
P
. . (1+f)? . . (1+ f)? )
o8 —Toc =————>0.When p. =3+ f, weget 75 —75c =— 3 < 0. Therefore, we derive

two roots pg, = J2f +21 = f +1 and Pes = —J2f =21 = f +1 by solving Tog — o =0 and we

keep the larger root. We have Pp— P =2v2(1+f)>0 , so  we keep

Prir = Pea = \/_(f +1)— f +1. Therefore, to summarize, we have:

e Case B+C+D: f <3l
When p, < f —1, the boundary solution is p;, = pS, = p, +1 and the corresponding total profit
IS 77,108 -
When f—l<p.<pg, , the interior solution is pg=ps,=(pe+f+1)/2 and the
corresponding total profit is 7z .
When P.,, < p: <2, the interior solution is pg = p03 P /2 and the corresponding total
profit is 7y .
When p; > 2, the boundary solution is p, = p04 P —land the corresponding total profit is

.
7T\ s0c -
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